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Abstract
A recently developed nonlocal history dependent model for electron and hole
impact ionization is used to compute the gain and the excess noise factor in
avalanche photodiodes featuring heterojunctions of III-V compound semicon-
ductors while accounting for both carriers. The model has been calibrated
with measurements by our group, as well as on noise versus gain data from the
literature. We explore the avalanche photodiode design trade-offs related to
the number of GaAs/AlGaAs conduction band steps for X-ray spectroscopy
applications.
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1. Introduction
Avalanche Photodiodes (APDs) are widely employed as receivers in opti-
cal communication systems, X-ray detectors in physics experiments and med-
ical imaging equipments [1, 2, 3]. APDs can operate in the linear regime,
i.e. with a reverse bias lower than the breakdown voltage, or in Geiger
mode, i.e. biased above breakdown. The latter biasing scheme is employed
in e.g. Silicon Photo-Multipliers [4], while the linear regime is used e.g. for
X-ray detection [5]. We consider in the following APDs working in the linear
regime. Their main feature (see Fig. 1) is that the photo-generated current
Iph is amplified by an internal gain M provided by impact ionization (II).
The stochastic nature of II results in a noise power that deviates by a factor
F (denoted as excess noise factor) from the intrinsic shot noise due to the
Poissonian arrival time of incoming photons.
To optimize the device and predict the optimum bias point, accurate mod-
els are needed. Since impact ionization is a markedly nonlocal phenomenon
involving high energy carriers, an exact solution of the Boltzmann Trans-
port Equation via, for example, full band Monte Carlo simulations, would
be the most appropriate modeling approach [6]. The computational burden
can be reduced by using nonlocal numerical models [7, 8, 9, 10, 11], where
II is described via suitable ionization coefficients α and β (for electrons and
holes, respectively) that represent the inverse of the average distance be-
tween consecutive II events. These approaches allow users to describe large
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Figure 1: Sketch of a reverse biased p-i-n APD working in the linear regime connected to
a spectrum analyzer. The gain is denoted by M , while F is the excess noise factor. The
photo-generated current Iph is amplified by the internal gain M . The noise power spectral
density at the output of the analyzer is the current shot noise 2qIph multiplied by the
squared gain M2, the instrument bandwidth B and its input resistance RL. Moreover the
noise is further increased by F that indicates the deviation from pure shot noise.
and complex and devices that would be inefficient to simulate with a full
band Monte Carlo simulator.
In this paper, we report APD device optimization based on the newly
developed nonlocal history dependent II model of [11]. We analyze APDs
featuring a so called staircase structure [12], where the multiplication re-
gion contains heterojunctions of III-V compound semiconductors and their
corresponding ternary alloys. Differently from Multi-Quantum-Well (MQW)
APDs that have always abrupt heterojunctions between a low (EG1) and a
high (EG2) bandgap material [13, 14], in staircase APDs each stage is linearly
graded from EG1 to EG2 and the abrupt discontinuity is only between EG2
and EG1 [12]. The staircase enhances electron II over hole II, which offers the
possibility to achieve a good trade-off between gain and excess noise [7]. The
numerical modeling results are compared with simple analytical formulas for
the device gain and noise.
This work extends the report in [15] by providing additional results about
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the relation between the nonlocal model and a compact formula for gain and
noise in the presence of hole II. The paper is organized as follows: Section 2
summarizes the nonlocal history dependent II model of [11]. The calibration
of the model on GaAs diodes and the comparison with experimental data
for staircase APDs are reported in Section 3. Simulation results for different
number of conduction band steps in staircase APDs based on AlGaAs/GaAs
heterojunctions are shown and interpreted in Section 4. Conclusions are
drawn in Section 5.
2. Model Description
The Energy Balance History Dependent Model (EBHDM) presented in
[11] is conceived as a postprocessing of the conduction and valence band
profiles (EC(x) and EV (x) respectively) firstly obtained using TCAD simu-
lations [16]. The first order energy balance equation in [17] is used to derive














The II coefficients are expressed as








and similarly for the hole II coefficient. Here the coordinate x is the point
where the carrier is generated (optically or by II), while x′ is the position
where II scattering takes place. The model is history dependent in the sense
that at the same position carriers experience a different ionization probability
per unit length α and β depending on where they have been generated.
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Following [8], probabilistic considerations are then used to derive the
average gain M and the excess noise factor F from the α and β profiles: the
full expressions can be found in [11].
The model parameters λe,h, Ae,h, Ece,h and γe,h are calibrated on p-i-n
APDs, as shown in the next section, and then kept fixed when analyzing
more complex staircase structures.
3. Model Validation and Calibration
As shown in [11], the EBHDM reproduces a variety of experimental data
for APDs with different material and architectures. As a relevant example,
Fig. 2 reports with filled circles the F (M) curve for a GaAs p-i-n diode
[9]: we see that F ≈ 0.75M , which results in high noise at large M values.
This is a consequence of similar electron and hole II coefficients (α ' β)
in GaAs (as well as in many other III-V compounds). Note that, although
Silicon would be a much better material in this respect (α ' 20β [12]),
III-V semiconductors are still preferable for X-ray detection since they offer
a higher detection efficiency (due to the higher atomic number) and APD
speed and bandwidth (due to larger carrier velocity) [18]. Fig. 3 reports the
calibrated α and β as a function of the field used as input in our model and
compares them with data in the literature.
To improve the noise performance of III-V APDs, staircase structures
have been proposed, where conduction band discontinuities provide extra ki-
netic energy to electrons crossing them, while valence band discontinuities,
opposed to the motion direction, subtract kinetic energy to holes. This in-
creases electron II w.r.t hole II. In the limit case where hole II is negligible,
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the excess noise factor can be computed as [12]:
F (P,N) = 1 +
(1− P )
[




where N is the number of multiplication steps (i. e. conduction band dis-
continuities) and P = N
√
M − 1 (that is M = (P + 1)N) is the electron’s
ionization probability per step.
For the staircase APDs in the AlGaAs/GaAs system in [2], the measured
F (M) curves for the devices with mesa diameters of 200 µm and 600 µm
are reported in Fig. 2. The F (M) curve for the APD with diameter 200 µm
is in agreement with the experimental results for the GaAs/AlGaAs MQW
APD with 25 steps in [13]: the noise is much lower than for the p-i-n diode
and its behavior is predicted also by the EBHDM (that is calibrated on
p-i-n diodes without additional model parameter changes when considering
staircase structures). The F (M) curve for the device with diameter 600 µm,
instead, lies very close to the results reported in [14] for a GaAs/AlGaAs
MWQ APD with 15 steps and to the experimental results for the GaAs p-i-n
diode [9]. Concerning the difference between the results for the devices in [2],
we think that the architecture with a bigger mesa area may show additional
noise sources other than multiplication noise. However, the experimental
F (M) curve for the GaAs/AlGaAs staircase APD of [18], that is similar to
the ones of [2], indicates that the use of staircase APDs is beneficial in terms
of excess noise factor at a given gain w.r.t. p-i-n diodes. In other words,
our nonlocal model (calibrated on GaAs p-i-n diodes) seems to support the
experiments in [13] as well as the noise measured in [2] for the device with a
smaller diameter.
It is important to note that the use of Eq. 3 (blue line), using P =
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N
√
M − 1, predicts an even lower noise. This can be explained considering
that in the GaAs/AlGaAs system the conduction band energy step is small
(see the device structure and band diagram in Fig. 4). This requires large
applied biases to increase the gain, but, due to the large induced electric field,
significant electron and hole multiplication takes place between the steps. We
thus believe that hole II between consecutive steps is responsible for the large
difference between the experiments (and the EBHDM) and the predictions
of Eq. 3 which neglects hole II.
Before continuing, it is worth mentioning that in the EBHDM the sole
effect of the heterojunction is to add energy steps equal to the difference
in affinity between the materials. Phenomena related to momentum con-
servation or to disorder at the interface are not included. In practice, in
the model the heterojucntion provides energy to the carriers over a short
distance, making impact ionization more localized and thus with a reduced
associated excess noise.
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) [2] - Staircase, 200 µm
[2] - Staircase, 600 µm
[9] - GaAs p-i-n diode
[13] - MQW, 25 steps
[14] - MQW, 15 steps
[18] - Staircase
Eq. 3, N = 12
EBHDM
Figure 2: Excess noise factor as a function of the gain for different GaAs/AlGaAs APDs:
experimental data for a thick (W = 1.6 µm) GaAs p-i-n diode from [9] (•), staircase
APDs fabricated by our group [2] (, > for the 200 µm and the 600 µm mesa diameters,
respectively), a MQW APD with 25 steps [13] (), a MQW APD with 15 steps [14] (x)
and for the staircase APD of [18] (N). The dotted lines represent the results obtained with
the EBHDM model (same calibration for both devices), while the solid line is Eq. 3 [12]
(for N=12 steps).
4. Optimization of GaAs/AlGaAs Staircase APDs
Experimental and modeling results in Fig. 2 point out that staircase
structures in GaAs/AlGaAs perform much better than GaAs pin diodes in
terms of noise at given gain. However the excess noise factor is far from
what is expected from Eq. 3, the reason being hole II between the steps due
to the large applied electric field, which in turn is necessary to increase the
gain because the amplitude of the conduction band discontinuity is relatively
small. In this section we analyze whether increasing the number of steps
improves the situation.
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Figure 3: α (a) and β (b) used to reproduce with the EBHDM the F (M) curves for the

























































Figure 4: Structure (a) and band diagram at equilibrium (b) of the staircase APD fabri-
cated in [2]. The main structure consists in an absorption region (on the left) separated
from the multiplication region (on the right) by a Dirac’s delta p-type doping. The mul-
tiplication region is composed by the repetition of 12 heterojunctions between GaAs and
AlGaAs layers.
4.1. EBHDM results for different number of steps
We have considered a device structure in Fig. 4, for different values of the
number of steps in the multiplication region. Fig. 5 shows that the excess
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noise factor for given gain is reduced when the number of steps is increased.
Furthermore, by increasing the number of steps we achieve high gain over
a larger voltage interval, which in turn makes the external biasing of the
device much simpler than in the case with few steps, where high gain can be
attained only by biasing the device close to breakdown that is, at the edge
of the intended linear regime of operation. Of course, with large number of
steps high bias voltages are necessary to obtain high gains, but those voltages
do not require a very precise setting as with a small number of steps.
The trend in Fig. 5 can be explained by considering that the large number
of steps enhances the intrinsic gain that can be achieved without applying
an additional electric field. So, for given gain, a structure with more steps
entails a lower electric field, as can be seen in Fig. 6.
A quantitative interpretation of the results in Fig. 5, requires models that
go beyond Eq. 3 and include hole II, as described in the next subsection.




































Figure 5: Simulated (EBHDM) gain as a function of the applied bias (a) and excess
noise factor as a function of gain (b) for a staircase APD like the one in Fig. 4 with
N = 6, 12, 24, 48 multiplication steps.
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Figure 6: Conduction band profile of a 0.55 eV single multiplication step (as for the
Al0.45Ga0.55As/GaAs [16]) at fixed total gain (M = 10) for staircase APDs with 12 (solid
line) and 48 steps (dashed line).
4.2. Interpretation based on the Electron and Hole Ionization Probabilities
per Step
Analytic expressions to compute the overall gain and excess noise factor
in staircase APDs when both electrons and holes ionize have been proposed
in [20]:
M(P,Q,N) =
(1 + P )N(1− k)
(1 + kP )N+1 − k(1 + P )N+1
(4)
and
F (P,Q,N) =1 +
(1− 1/M)(1− k)
2 + P (1 + k)
×
{
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where P and Q are the electron’s and hole’s ionization probabilities per step,
respectively, and k = Q/P . Eqs. 4 and 5 are valid in the low gain limit of
the linear regime, when electron and hole impact ionization events at a single
step can be treated separately, as if the two mechanisms were independent.
Although this may be correct if II is localized at the steps, the accuracy is
limited when II events are spread out between the steps.
We have extracted P and Q by simulating electron and hole II in single
or double step structures that include the region with electric field between
the steps. In particular, P is computed from the gain M obtained simulating
a single step structure that includes the step and the electric field region just
after the step (up to the next step), by activating only electron II and writing
P = M − 1 (Fig. 7a). To calculate Q two steps (and not only one) should
necessarily be included in the simulation domain, because the distance that
holes have to travel in order for the II coefficient to be in equilibrium with
the electric field is larger than the thickness of a single step (see Fig. 7b).







where L = W/N is the length of one multiplication step and only hole II is
active in the simulation.
Fig. 8a reports the P and Q obtained with this procedure. P and Q
are plotted as a function of N for different gains, which means that for
each N the electric field between the steps is set to achieve the desired gain
in the complete N -step structure. If we increase the number of steps, the
same gain is achieved with a lower electric field between the steps. Thus,
both P and Q in Fig. 8a decrease when increasing N . The effect of the
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reduction of the applied field is much larger on Q than on P (at M = 10,
from N = 6 to N = 48, Q is reduced by 98.5%, while P is reduced by 80%),
since electrons also feel multiplication by the conduction band steps, whereas
valence band discontinuities are negligible. As a result k = Q/P tends to
zero for increasing N (Fig. 8b), leading to a structure essentially dominated
by electron II.



























b) N = 12
M = 5































Figure 7: (a)(b) Electron’s impact ionization coefficient α(0|x′) and (c)(d) hole’s impact
ionization coefficient β(W |x′) as a function of the ionization point x′ in one (a), two (b)(c)
or three (d) steps of a GaAs/AlGaAs staircase APD (N = 12, M = 5). x = W is the
right-most point of the multiplication region. The location of conduction and valence band
discontinuities is highlighted by red dashed lines.
Fig. 9 compares the EBHDM results of Fig. 5 with the results of Eqs. 4,
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5 using the P and Q values in Fig. 8. The mutual agreement is quite good
for N=24 and N=48, while Eq. 5 looses accuracy for a smaller number of
steps. In fact, at given gain P and Q are large when N is small; thus the
assumption behind Eqs. 4, 5 that electron and hole ionizations can be treated
as independent events becomes less justified. In conclusion, the comparison
of the EBHDM and Eqs. 4, 5 confirms that the main advantage of using
a large number of steps is to reduce the electric field necessary to obtain a
given gain, thus reducing hole II between the steps.
6 12 24 48






































Figure 8: Simulated (EBHDM) electron’s and hole’s ionization probabilities (a) and ion-
ization ratio k = Q/P (b) as a function of the number of steps at given gain M = 5, 10, 20.
4.3. Time Response
The drawback of an increased number of steps is the longer multiplica-
tion region and thus longer time response to single photon absorption. The
Random Path Length (RPL) implementation of the EBHDM [21] describes
the time evolution of the current pulse and can be used to determine the
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Figure 9: Comparison of the excess noise factor as a function of the gain computed by using
the EBHDM (solid lines) or by using Eqs. 4 and 5 with the P and Q from Fig. 8a (dashed
lines) for a staircase APD like the one in Fig. 4 with N = 6, 12, 24, 48 multiplication steps.
bandwidth of the APD. The RPL takes as input the impact ionization coef-
ficients, α(x|x′) and β(x|x′) which we take to be exactly the same as used for
the computation of the gain and of the excess noise factor with the EBHDM
in Sects. 4.1-4.2. Moreover, in all the simulations we assume the same and
constant saturated drift velocity for electrons and holes (ve = vh = 10
7 cm/s
[22]), without any dependence on the electric field. Fig. 10 reports current
pulses due to single photon absorption for N=6, 12, 24 and 48. They show
a retarded peak when increasing N because the carriers must travel over a
longer distance. On the other hand, the smaller hole II at large N values
reduces the amplitude of the secondary peaks and slows down current tails
compared to the amplitude of the main peak. This means that the transient
essentially ends when the holes generated by electron II at the last step have
traveled back to the first step of the staircase. In the presence of a signif-
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icant ionization of holes, instead, holes travelling backward generate other
electrons that themselves generate additional holes, creating secondary peaks
and tails after the main peak.




















Figure 10: Simulated current waveforms for a staircase APD like the one in Fig. 4 with
N = 6, 12, 24, 48 multiplication steps at fixed gain M = 10.
When considering X-ray spectroscopy as a relevant application, one should
remind that the diode current is processed by a leaky integrator followed by
an CR-RC shaper. The overall transfer function of the system is approxi-
mately H(ω) = Z0
(1+ωRC)2
, where Z0 is the DC transimpedance of the system.
Consequently the output signal is given by the convolution of the current







. Since the time
constant τ = RC is usually in the µs range [23], all the current pulses in
Fig. 10 result in essentially the same waveform after the shaper (see Fig.
11).
The above analysis suggests that, for X-ray spectroscopy, increasing the
number of steps is beneficial because it reduces the noise at constant gain,
hence it improves the energy resolution of the system, which, if the gain is
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high enough to make negligible the contribution of the read-out electronics
to the overall noise, is given by FWHM = 2.35
√
(f + F − 1)Eε [5] (where
f is the Fano factor, E is the X-ray photon energy and ε is the electron-hole
pair creation energy) and therefore decreases for decreasing F . Moreover,
the energy resolution is improved with practically no penalty to the speed of
the overall detector.












































τ = 0.1 µs τ = 1 µs
M = 10
Figure 11: Simulated current waveforms, after the convolution with the tranfer function
of a CR-RC shaper with time constant (a) τ = 0.1 µs or (b) τ = 1 µs, for a staircase APD
like the one in Fig. 4 with N = 6, 12, 24, 48 multiplication steps at fixed gain M = 10.
Note that the curves in panels (a) and (b) would be essentially the same if plotted as a
function of t/τ .
5. Conclusions
We have investigated the optimization of APDs for X-ray spectroscopy
using a nonlocal model for gain, noise and speed in avalanche photodiodes
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based on III-V compounds and alloys accounting for both electron and hole
II. The model points out that increasing the number of conduction band
steps in these staircase structures reduces the noise at fixed gain, because a
lower electric field between the steps (and thus lower hole II) is required for
given gain. The increase in the number of steps does not imply any practical
drawback in terms of dynamic response of the system, because the shaper
usually has a time constant (set to be as close as possible to the optimum case
where the combined noise of the input-referred voltage and current sources
of the read-out are minimized [24, 25]) much longer than the time delay of
the APD.
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